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Introduction
Throughout the paper, we use (a 1 , . . . , a k ) to denote the greatest common divisor (gcd) of the integers a 1 , . . . , a k , and write a 1 , . . . , a k for an ordered k-tuple of integers. Let a 1 , . . . , a k , b, n ∈ Z, n ≥ 1. A linear congruence in k unknowns x 1 , . . . , x k is of the form a 1 x 1 + · · · + a k x k ≡ b (mod n).
(1.1)
By a solution of (1.1), we mean an x = x 1 , . . . , x k ∈ Z k n that satisfies (1.1). The following result, proved by D. N. Lehmer [14] , gives the number of solutions of the above linear congruence: Proposition 1.1. Let a 1 , . . . , a k , b, n ∈ Z, n ≥ 1. The linear congruence a 1 x 1 +· · ·+a k x k ≡ b (mod n) has a solution x 1 , . . . , x k ∈ Z k n if and only if ℓ | b, where ℓ = (a 1 , . . . , a k , n). Furthermore, if this condition is satisfied, then there are ℓn k−1 solutions.
Counting the number of solutions of the above congruence with some restrictions on the solutions is also a problem of great interest. As an important example, one can mention the restrictions (x i , n) = t i (1 ≤ i ≤ k), where t 1 , . . . , t k are given positive divisors of n. The number of solutions of the linear congruences with the above restrictions, which were called restricted linear congruences in [6] , was first considered by Rademacher [16] in 1925 and Brauer [8] in 1926, in the special case of a i = t i = 1 (1 ≤ i ≤ k), and they proved the following nice formula for the number N n (k, b) of such solutions:
where ϕ(n) is Euler's totient function and the products are taken over all prime divisors p of n. Since then, this problem has been studied, in several other special cases, in many papers (very recently, in was studied in its 'most general case' in [6] ) and has found very interesting applications in number theory, combinatorics, geometry, computer science, cryptography etc; see [3, 4, 6, 7, 9, 11] for a detailed discussion about this problem and a comprehensive list of references. Another restriction of potential interest is imposing the condition that all x i are distinct modulo n. Unlike the first problem, there seems to be very little published on the second problem. Recently, Grynkiewicz et al. [10] , using tools from additive combinatorics and group theory, proved necessary and sufficient conditions under which the linear congruence
, where a 1 , . . . , a k , b, n (n ≥ 1) are arbitrary integers, has a solution x 1 , . . . , x k ∈ Z k n with all x i distinct modulo n; see also [1, 10] for connections to zero-sum theory and [5] for connections to coding theory. So, it would be an interesting problem to give an explicit formula for the number of such solutions. Quite surprisingly, this problem was first considered, in a special case, by Schönemann [17] almost two centuries ago(!) but his result seems to have been forgotten. Schönemann [17] proved the following result: Theorem 1.2. Let p be a prime, a 1 , . . . , a k be arbitrary integers, and
, with all x i distinct modulo p, is independent of the coefficients a 1 , . . . , a k and is equal to
In this paper, we generalize Schönemann's theorem using Proposition 1.1 and a result on graph enumeration recently obtained by Ardila et al. [2] . This seems to be a rather uncommon method in the area; besides, our proof technique or its modifications may be useful for dealing with other cases of this problem (or even the general case) or other relevant problems. We state and prove our main result in the next section.
Main Result
Our generalization of Schönemann's theorem is obtained via a graph theoretic method which may be also of independent interest. We need two formulas on graph enumeration (see Theorem 2.2 below) recently obtained by Ardila et al. [2] . These formulas are in terms of the deformed exponential function which is a special case of the three variable RogersRamanujan function defined below. These functions have interesting applications in combinatorics, complex analysis, functional differential equations, and statistical mechanics (see [2, 12, 13, 15, 18, 19] and the references therein).
Definition 2.1. The three variable Rogers-Ramanujan function is
Also, the deformed exponential function is
Let g(c, e, k) be the number of simple graphs with c connected components, e edges, and k vertices labeled 1, . . . , k, and g ′ (e, k) be the number of simple connected graphs with e edges and k labeled vertices. Suppose that
and
Ardila et al. [2] proved that:
Theorem 2.2. The generating functions for counting simple graphs and simple connected graphs satisfy, respectively,
where F is the deformed exponential function defined above.
Now, we are ready to state and prove our main result: Theorem 2.3. Let a 1 , . . . , a k , b, n (n ≥ 1) be arbitrary integers, and ( i∈I a i , n) = 1 for all I {1, . . . , k}. The number N n (b; a 1 , . . . , a k ) of solutions
Proof. Let x 1 , . . . , x k ∈ Z k n be a solution of the linear congruence a 1 x 1 + · · · + a k x k ≡ b (mod n). We construct a graph G = (V, E) with vertex set V = {1, . . . , k} and connect the vertices u and v if and only if x u ≡ x v (mod n), u < v. Note that our desired solutions are those for which none of the k 2 equalities x u ≡ x v (mod n), u < v, hold. So, we find the number of solutions satisfying e of these equalities (without knowing which equalities), and then use the inclusion-exclusion principle. Note that when e of these equalities hold, the corresponding graphs have then e edges, but we do not know the number of connected components that we call c (so, we should consider all possibilities of c). In fact, since we do not know which equality holds, we do not know anything about the adjacency relations. What we know is only that the corresponding graphs have k vertices and e edges. Note that each adjacency relation defines a unique set of restrictions x u ≡ x v (mod n), u < v, and vice versa. So, we should figure out how many graphs we can construct given k vertices and e edges. Here the number of connected components, c, is very important. By this construction, the number of solutions x 1 , . . . , x k ∈ Z k n of the linear congruence a 1 x 1 + · · · + a k x k ≡ b (mod n), with some x i equal to each other modulo n, is now directly related to the number of connected components of graph G. In fact, when some x i are equal to each other modulo n, then by connecting their indices (as vertices of the graph G) we get a connected component of G, and we can simplify the linear congruence by grouping the x i which are equal to each other modulo n. This procedure eventually gives a new linear congruence in which the coefficients are of the form i∈I a i , where I ⊆ {1, . . . , k}, and the number of terms is equal to the number of connected components of the corresponding graph. Therefore, for finding the number of solutions of the linear congruence a 1 x 1 + · · · + a k x k ≡ b (mod n), with some x i equal to each other modulo n, we first construct the corresponding graph. If this graph has c > 1 connected components then since ( i∈I a i , n) = 1 for all I {1, . . . , k}, by Proposition 1.1 the number of solutions of the linear congruence with those x i equal to each other modulo n is equal to n c−1 . Also, if this graph is connected, that is, c = 1 (which means that all x i are equal to each other modulo n) then the linear congruence has just one term (and its coefficient is k i=1 a i ), and so, by Proposition 1.1 the number of solutions in this case, we denote it by A, is equal to (
and is equal to zero otherwise. Let g(c, e, k) be the number of simple graphs with c connected components, e edges, and k vertices labeled 1, . . . , k, and g ′ (e, k) be the number of simple connected graphs with e edges and k labeled vertices. Now, by the inclusion-exclusion principle, we have
e n c g(c, e, k)
Now, in order to evaluate the latter expression, we use the two formulas mentioned in Theorem 2.2. In fact, by Theorem 2.2, we have
where F is the deformed exponential function. Note that F (z, 0) = 1 + z. Now, we have
Consequently, the number N n (b; a 1 , . . . , a k ) of solutions
Remark 2.4. Note that in Schönemann's theorem, b is zero and n is prime but in Theorem 2.3, both b and n are arbitrary.
It would be an interesting problem to see if the technique presented in this paper can be modified so that it covers the problem in its full generality. So, we pose the following question. Let a 1 , . . . , a k , b, n (n ≥ 1) be arbitrary integers. Give an explicit formula for the number of solutions x 1 , . . . , x k ∈ Z k n of the linear congruence a 1 x 1 + · · · + a k x k ≡ b (mod n) with all x i distinct modulo n.
Problem 1.
Such results would be interesting from several aspects. As we mentioned in the Introduction, the number of solutions of the linear congruence with the restrictions (x i , n) = t i (1 ≤ i ≤ k), where t 1 , . . . , t k are given positive divisors of n, has found very interesting applications in number theory, combinatorics, geometry, computer science, cryptography etc. Therefore, having an explicit formula for the number of solutions with all x i distinct modulo n may also lead to interesting applications in these or other directions. The problem may also have implications in zero-sum theory (see [1, 10] ) and in coding theory (see [5] ).
